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4 © "' DYNAMICS IN PARABOLIC EQUATIONS - AN EXAMPLE

'Jack,K. Hale

‘Division of Applied Mathematics
Brown University, Providence, R. I. 02912 U.S.A.

l,

o

- Abstract: For a parabolic equation, results are given about the
-orbits which connect equilibrium points. The approach is based
;on the theory of dynamical systems and the maximum principle.
|

:1. The basic problem.

1
ey !

A system of nonlinear parabdlic equations defined on a
bounded domain generate a nonlinear semigroup of transformations
{T,(t),t>0} on some Banach space X. The parameter u is sup-
posed to represent the ellipti. operators in the parabolic equa-

‘tion, the region @ where the equation is defined, the non-
' [linear functions in the equation and the boundary conditions.
‘The basic problem is to study how the qualitative properties of
f“_ithe orbits defined by Tu(t) depend on the parameter u.
! Because T,(t) arises from parabolic equations on a bounded
idomain,Aone generally has

E (N [Tu(t), t >0, is a completely continuous operator ' (1.1)
, ‘5Tu(t) is one-to-one for all t. . (1.2)

' .In particular, (1.1) implies that every bounded orbit belongs to
] " 'a compact.set. Thus, the w-1imit set of a bounded orbit is a
. ' inonempty, compact, connected set of X which is invariant under
S 'the semigroup T (t). We say a set M in X is invariant for
o Ty(t) if, for aHy @ € M, there is a function x(t,9) defined
" for t E€R, x(0,9) = 0, x(t,9) EM, t ER, and, for any 1 €ER,
T (t)x(T,0) = x(t+1,0), t > 0. We call x(t,p) a backward
extension of - ¢ and write x(t,p) = T,(t)® for t €R. Under
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* * condition (1.2), backward extensions are unique. If a backward
- ‘extension of ¢ exists and belongs to a compact set, then the
. ,0-limit set exists and is nonempty, compact, connected and in-
- :variant (see [Ha2]).

! An important role in the theory is played by the set,

e fty = {® € X: T ()0 is defined and bounded for t € R}, (1.3)

‘which contains the limit points of all bounded orbits as well as
much more. In fact, one has the following elementary result,

'Lemma 1.1. If Ay is compact, then Ay is the maximal compact
' -invariant set of X. Furthermore, (1.2) implies that Ty(t) is

“+ a group on .
.| [2group on A,

One way to ensure that Ay is compact is to assume the
existence of invariant regions for the parabolic system (see [S1]).
Another weaker condition is to assume that the system is point

dissipative; that is, there is a bounded set B = X such that,
! : for .any ¢ € X, there is a tg = tp(p,B) such that T,(t)p € B
' ifor t > tg. This condition implies the following result.

Theorem 1.2. If Ty(t), t > 0, is completely continuous and
point dissipative, then there is a maximal compact invariant set
Ay for {T (t),t > 0}, A is uniformly asymptotically stable
and attracts bounded sets of X; that is, for any bounded set
YU in. X, d1st(Tu(t)U A >0 as t+we If T,(t) is one-to-
,one, ', then T (t) is a contxnuous group on Au.

! The basic steps in the proof are as follows. One first
proves that there is a compact set K in X such that for any
,compact set H in X, there is a neighborhood V of H such
. 'that dist(Ty(t)V,K) + 0 as t + ». This property implies there

CINis Jass s et

¢ " 'is a maximal compact invariant set Ay which is uniformly

e ~ asymptotically stable and attracts neighborhoods of compact sets.
: . The compactness of Ty(t) for t > 0 can be used to complete

F: ', (the proof.

4

! The above theorem is actually true for much more general
,semigroups {T (t),t > 0}. In fact, one need only require that
,Tu(t) is an u-contraction for t > 0. This permits applications
. e '* 'to a much broader class of problems including some hyperbolic
@2,441235711/ " |systems (see [Ha3]). We do not consider such general cases here

'’ jand refer the reader to [Hal] for a complete proof of the above
iresult as well as historical references. The discussion is also
contained in [Ha2]. However, an error in the statement of one
result in [Ha2] requires a reordering of the material and this
‘reordering can be found in [Hal].

1
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! l We remark that it is not necessary to consider all of X to

- obtain an interesting invariant set A,. One could have a sub-

set Y of X which is positively invariant with respect to
Tu(t). Point dissipative is then defined relative to the inter-
'section of bounded sets with Y.

The basic problem in the qualitative theory of parabolic
equations is to study how A, and the flow on the invariant set
Au change with the parameter u.

F Before giving specific examples which illustrate the above

remarks, let us state another interesting implication of point
Fissipatiyeness, a proof of which can be found in [HL1].
Theorem 1.3. "If Ty(t) is completely continucus for t > 0 and
point dissipative, then there is an equilibrium point of Ty(t);
that is, there exists a ¢ in X such that Th(t)w = ¢ for

' all t.

When T,(t) is the semigroup generated by a system of para-
bolic equations, Theorem 1.3 implies the existence of a solution
of the corresponding elliptic boundary value problem. For some
types of problems, this approach could be easier to obtain the
existence of solutions of the elliptic system (see [Al],[A2],[A3),

’[KII)-

2. An example. In this section, we consider the simplest non-
trivial parabolic equation. In spite of its simplicity, there
are several unanswered questions whose solution would lead to a
better understanding of the role of diffusion in the dynamics.

Consider the scalar equation

i ru ® U + Af(v), 0<x<m,

u=0 at x=0,n

2.1)

with A > 0 being a real parameter and f(u) being a given non-
linear function of u. If

! " 2 u
V() = Joﬁox-AFﬁw)]dX. F(u) = Iof. (2.2)

and u(t,x) is a solution of (2.1), then
) "

e .-
Theorem 2.1. 1If

uldx < 0 (2.3)
ot ~

‘F(u) > -=» a8 u=+ = (2.4)
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then Eq. (2.1) generates a Cp-semigroup T)(t), t > 0, on

X = H} .(0,m), each orbit is bounded and has w-limit set as an
equ111br1um point. There is a maximal compact invariant set Ay
for T,(t) which has the stability properties mentioned in
Theorem 1.2, Finally, if ¢ € Ay, then the a-limit set of ¢
is an equ111brium point.

The equilibrium points of (2.1) are the solutions of the
equation

Loy

: u_ +22af(u) =0 O0<x<n
| X
. ; | | u

(2.5)

0 at x=0,n

‘That (2.1) generates a Cy-semigroup is given in Henry [He 1].
"" - The fact that the w- ang a-l1imit sets must be a single equili-

" brium point has been proved by a number of people (see Zelenyak

* [Z 1], Matano [M 2], Hale and Massat [HM 1]). Relation (2.4)

't .implies the set of equilibrium points is bounded. Since every
orbit approaches an equilibrium point, one obtains point dissipa-
tive.
|
' An equillbilum point ug is hyperbolic if no eigenvalue of
the operator 23 fax2 + Af' (uy) on X 1is zero and it is called

stable (hyperbolic)if all eigenvalues are negative. The unstable

manifold W (ug) 1is the set of @ € X such that Tu(t)w is
defined for t < 0 and + uy as t-», The stable manifold
: Ws(uo) is the set of @ € X such that Ty (t)p +uy as t+ =,
‘! The set WY(ug) is an embedded submanifold of X of finite
" dimension m (m being the number of positive eigenvalues of the
't above operator). .The set WS(u,) is an embedded submanifold of
* ,codimension m(see [He 1]). These manifolds are tangent at ug
to the stable and unstable manifolds of the linear operator
f.'az/axZ + £'(ug) on X.

: The following remark is a simple but important consequence
of Theorem 2.1.

Corollary 2.2. If (2.4) is satisfied and there are only a finite
umber of hxperbolic equilibrium points ©),92,...,0 of (1.1)

ac erpo e

! u
AA = jl,Jl W ((pj).

Corollary 2.2 states that A, is the union of a finite
number of finite dimensional manifolds. The complete flow on
A), seems to be difficult to describe in the general case,

' However, some nontrivial information is easily obtained if we
make additional hypotheses. :

petpoen).os|
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Theorem 2.3. If the conditions of Corollary 2.2 are satisfied
and ¢1(xfﬁf Py (x)<. . <wk(X), 0 <x <, and dim W“ﬂp ) <1,

‘then is oéd k = 2p+l, is stable hxperbolic and ©,
is unstable for all j with tﬁg w-limit set (a-limit set) of

©y5 being ®,5,;(955.9)-

2j

Proof: If ¢; is unstable, then dim w (wj) = 1. Since w (05)
is tangent at ¢; to the line spanned by the eigenfunctlon
corresponding to the positive eigenvalue of 3%4/3x2+f'(p;) on
x and this eigenfunction has no zeros on (0,7), it follows
'that there is a solution u(t,x) of (2.1) defined for t € R
with llmt_> LU(t,X) = @;(x) and u(t,x) > @j(x) for t suf-
ficiently negative. The maximum principle and our hypothesis on
;41 implies that @j(x) < u(t,x) < @j+1(x) for 0 < x < m,
Thus, 11mt+”u(t,x) = ©j+1(x). The same argument shows there is
a w € Wi(p such that the w-limit set of ¢ is j.;. Since

is staéle, ®; and @y are stable hyperbolic and the
theorem is proved.

Corollary 2.4. Under the hypotheses of Theorem 2.3, the global
dynamics of (2.1) is_determined by the local bifurcation of
equilibrium points,

Theorem 2.3 has immediate application to positive solutions
of Eq. (2.1). In fact, if X* = {9 € X: @(x) 20, 0 < x < n},
and Tx(t): X* + X*, then we get the maximal compact invariant
set A} in X*. 1In this case, the dim WY(p) < 1 for any equi-
librium point. Thus, if the equilibrium points are hyperbolic,
then the conclusion of Theorem 2.3 is true. For another dis-
cussion of this latter example using the Conley index, see

f|Sm011er [s 1].

Remark 2.5. Using the same proof as above, one observes that the

conclusions of Theorem 2.3 are true if uxy 1is replﬂced by Au
and (0,7) is replaced by a bounded open set o cR".

We also remark that the strong conclusion in Theorem 2.3 and
Corollary 2.4 are not consequences of only dim W“ﬂoj) < 1. The
parabolicity is used in an essential way. The reader 1s referred
;to Hale and Rybakowski [HR1]- for an example of a scalar gradient-
'like delay equation where the conclusions of Theorem 1.4 are not
true even though the dimension of the unstable manifold of each

' equilibrium point is < 1.

Let us now return to the general discussion. When the
equilibrium points of (2.1 are hyperbolic, Corollary 2.2 gives
Ay as the union of the unstable manifolds of the equilibrium
points. The complete dynamics on A, will only be known when
we know the specific way in which the equilibrium points are

Py« = ———
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connected to each other by orbits. In an effort to learn more

about this, we introduce some other invariant sets of A).

|
i

Let

= {p € Ay :{T) (t)p,t ER as well as its (2.6)
a- and w-1imit sets have exactly

j zeros in (0,m)}.
Each set Ai is compact and invariant.

. ' Lemma 2.6. Suppose f£(0) = 0. If ¢ € Ay~UAY with a-limit
' 'm_mAi and w-limit set in AK, then j > k.

v € A], an equilibrium point with j zeros in (0,n) and since
the z€ros of y are simple, it follows that T,(t)p has j

zeros in (0,n) for t < - v with 1t sufficiently large. Also,
Ty(t)p hdas j + 1 extreme values in (0,n). Also

T)‘(t)w + ne Ak, with k simple zeros an k + 1 extreme values
in (0,%). Thus, if o = Ty(-1)p, then TA(t)w + n and the
results of Matano {M1] imply that the number of extreme values
of @ must be > the number of extreme values of n. This implies
j > k. But since .j # k, we have the result.

Proofg Suppose such a ¢ exists. Since, as t + -», Ty (t)® >

The condition f£(0) = 0 is, in general, necessary to obtain
the coniclusion in Lemma 2.6. If £(0) # 0, then the best general
result would .be j > k - 2 (see [M1]).

v Let Mj €Ay, i=1 ,2,...,p, be compact invariant sets in

. A). Following Conle [C 1], we say {Mj} 1is a Morse decomposition
.of Ay, 1if ¢ € A1-{J1Mi implies there are integers j > k such

" ‘that the w-limit set of ¢ is in My and the a-limit set of o

13 in M;.

i
| Under the assumptions of Lemma 2.6, £(0) = 0 implies u =0
is an equilibrium solution of (1.1). Thus, the set {0} must be
included with the A] in (2.6) in order to have any hope for a
Morse decomposition.” Since Lemma 2.6 says nothing about ({0},
more detailed information is needed about the behavior of the
solutions near u = 0. However, we can state the following
"generel consequence of Lemma 2.6.

" Theorem 2.7. Suppose f£(0) = 0 and the sets Ak, k=0,1,...,p,
' are defined in :i 6) and_let AS = {0} If no orbit in A, has
{

. w-limit set Ag » then the setS en the set A , k=0,1,...,p+1} form a
" Morse decomposition for AA

o trevales '
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' ‘ Other variants of Theorem 2.7 can easily be given if one

¥

-knows more details about the stable and unstable manifold of
=0 in A,.
A’

To introduce some other ideas, let us consider the special
case of equation (2.1) studied extensively by Chafee and Infante
[CI 1] and Henry [He 1] , where

£(0) = 0, £'(0) =

2 (2.7)
: lim sup f(u)/u < 0, uf'(u) >0 if u# 0.

Theorem 2.8, If f satisfies (2.7) and );€(n ,(n+l1) ), n an
1nteger, then there are exactly 2n+1" equilibrium points a, = O,

uJ,aJ, J =0, l...,n 1, where aJ,a have j zeros in (0,n),
dim W (a ) = j, 0 < j < n-1, dim w! (e,)) = n and.

'{A“

i

. t1es of the orbits in the phase plane imply “Zj+1(" -x) = zj+1(x).

- = (W (at))Uw (a,)-

With the Ak defined as in (2.6) and A {u°° = 0}, the set

k-O 1,2,...,n-1} 1is a Morse decomposition of AA'

A’ A’

Proof The first part may be found in [He 1]. We prove that

= 0 is completely unstable in A). In fact, any function in
Ws(a ) except zero must have at least n zeros and n+l extrema.
The results of Matano [M 1] imply the assertion. Theorem 2.7

completes .the proof.

Remark 2.9. The function u;[u;] is unieuely specified by

requiring that da (0)/dx > 0 [da (0)/dx < 0]. Also, the proper-

Although Theorem 2.8 gives some information about orbits
which connect equilibrium points, it is very imprecise. One would
like to have a better understanding of exactly which connections
exist. Henry [He 1] has given a complete answer to this problem
for n=0,1,2,3, for f(u)...f(-u). We will reprove this result
in a slightly different way and, at the same time, give some more
information which will hopefully point out the difficulties in-

.volved for larger n.

For the statement of the next result, some additional nota-
tion is needed. The set W’(a~) is an embedded submanifold of

X (see [He 1,p.155 £f]) of codimension n and Ws(ui) is an

pmbedded submanifold of codimension j. The set wu(a“) is




o N
*

37 A

tangent at a_  to the linear maa1fold of X spanned by eigen-
‘functions of the operator 9 /ax + f'(a,) oON X corresponding
to the positive eigenvalues 0 < A;. ) & < 2.2, 0<...<A0,-. The

Aee Cane ——~3> eigenfunction X\; , also has j zeros in (0, nj for each j.
——= 0One can construc% an imbedded (n-j)-dimensional submanifold

WY (0e) c W (e,)) for j=0,1,...,n-1 which consists of all orbits
which approach a, as t > -» with an exponential rate
< lj yoo! Let

- W () = W) ~ W) (2.8)

‘In the same way, for any j <k, k=0,1,...,n-1, one can define

w‘J:'* (a:) - w“(ai) ~ W?(ai). (2.9)

The set W?*(ai) is a (k-j) dimensional submanifold of Wu(ai).

T We also let

i .-
i Cl;’o = W‘I’*(a;) UWil (¢) 2 {Y(ai,ug)}' .

n,k

Cy

= {0 € A:lin T, () € AT, lim T(t)p € A];} (2.10)

t+-pcn tro0

and let vy(¥,y) designate an orbit whose a-limit set is ¢ and
wlimit set is .

Lemma 2.10. If f satisfies (2.7), is odd and A € (%, (n+1)?),
then

ik - g
c=s0
A

W;'*(a,_,) 2 {¥(c,ag)

" Proof. From the oddness of f and the existence of the Liapunov

/1231 ékmw1u$52bo-,-

functional V in (2.2), it is easy to see that Ck’k = §.

We now show that there is a special type of orbit from «
to a,. As remarked before, the set Wu(a) is tangent at a_ ®

to the linear mg nifold of X spanned by the eigenfunctions of
the operator 2 /ax + f'(u,) on X corresponding to the
positive eigenvalues 0 < An-l x<s..€ Ag. - These eigenfunctions
have, respectively, n-1,...,1, ;0 zeros in (0,7). Thus, there

is a @ € X such that T)(t)o+a, as t + - and Ty(t)o(x) > 0
on (0,n) for t < - 1 for 1 sufficiently large. The maximum
principle implies Tx(t)w(x) > 0 for all t and, thus, the
w-limit set is an equilibrium point with no zeros in (0,n); that
is, af. The same type of argument shows that y(aw,an) exists.
Continuity with respect to initial data and the fact tR

—~— g
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u*,aa are stable implies the assertion that C;'o

0 > W'lj’(’u”) .

To show y(a;,a;), j > 1, exists, one proceeds in the same .
way as above to fi:d a @ € X such that Tx(t)w -+ a; as t -+ -m
and Tx(t)w(x) > aj(x) on (0,n). Then the w-limit set of ¢
must be > u;(x) on (0,7). From the manner in which the af(x)

are constructed from phase plane analysis, it follows that no
equilibrium point is larger than a}(x) on (0,n) except g

In the same way, one obtains y(af,a-),y(u?,a+),y(a',a'). A
g 3’70 j’o j’ o .0

use of continuity in the same way as above shows that CA >
* *
Wlll (u;) U W‘; (uk). It remains to show equality.
Since u;,aa are stable, it follows that the set
S, + s, -
Xo = X~ (W (ag) Uw (ag)) (2.11)

is invariant under Tx(t), has no interior and XO contains all
the equilibrium points “j’ j>1, and a_ as well as their
stable manifolds. Furthermore, if & is any continuous curve

« s + - _
joining a,, to @y then 6 N x0 # 0.

Now suppose C;’o contains an orbit y froma_ to o
which is not the gnes constructed above._ Then the oddness
of f implies -y goes from aex to og. The orbits
Y,-Y € W¥(o,) where W?(a,) is defined in (2.8). The openness
of W (uo),ws(aa) implies that, in a neighborhood U of a,,
the set X, N U is a submanifold of codimension 1. This con-
tradicts tge roperty that & N Xo # # for any continugus curve
§ joining ag to oag. Doing the same argument for ai com-
pletes the proof of the theorem.

Lemma 2.11. Suppose f satisfies (2.7), A € (nz,(n+1)2) and

v 1is an equilibrium point with j-#:.k zeros and ¢ is an equili-

brium point with j zeros in (0,7). Then_any orbit v(¥,¥)
going from v to o must belong to WJ(w).

Proof. Let ¢ be an equilibrium point with j + k zeros and let

¢ be an equilibrium point with j zeros. Then the manner in

which the equilibrium points are constructed from the phase plane
implies that ¢ - @ has Jj zeros in (0,7) and j + 1 extreme
values. If u=¢@ +v in (2.1), then WY(0) for the new
equation has dimension j + k with the basis for the tangent
manifold at zero being given by functions with 0,1,...,j+k-1
zeros in (0,7). Since ¢ - @ is an equilibrium point for the
new equation with j + 1 extreme values in (0,7), one can apply

*s
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i. .
¢2£L é%p@@gclﬁn¢-—ﬁ=> ‘the results of Matano [M1]) to obtain the first assertion in the ‘
' L —— Lemma. The last assertion is obtained in the same way. i

To point. out implications of this lemma, define

g S, = A,,
A A
S S et URE DN, kel el
)RS | ~ [( (ak"l) (ak_l)) AX]’ =1,2,...,n-1. [

3 Lemma 2.10 with k=1) imply that “I’ aj are stable in Si
;‘ . Furthermore, Lemma 2.10 implies these are the only stable points
5

in sl and dim[W(e) N 8] = k-1, k=2,3,...,n-1, dim[Wi(o )S] =

The peints °8’“6 are stable in S?. Also, Lemma 2.11 (or ‘

: n211 Lemma 2,11 and the symmetry hypothesis implies
5 s1 _ gu, + v, - + + + - - - -
fz 'CA - wl(az) le(uz) 2 {Y(azbal):Y(azﬁal)’Y(azﬂal)!Y(azsal)}'

In general, we can assert that aj,o] . are stable in Si
for every j. Th1s is a consequence o Lemma 2.11. For j=n-1, '
. this implies un-l’un—l is_stable in Sx . The only other r

) su @“UG&U\L —_— eguri\-l-ibriuﬂ point in S"'+ is ag amd Lemma 2.11 implies

_ o lCA» =W _,0) = {Y(aw’un—l)’Y(am’an-l)}'
' For j=2,3,...,n-2, we are unable to analyze the fine
structure of the flow at this time. To see the difficulties,
suppose j = 2. Then a%,a5 are stable in Sf. From what has
been proved up to this point, there is the possibility that
af,a3 are also stable in S¢; that is, the two dimension unstable
manifold of these points in Si have w-limit set {aj,aj}. If
such things can occur, then the flow can be very complicated and
can change its qualitative properties without going through a
local bifurcation.

P —— - —-

Summarizing the nicest part of what has been proved, we
obtain the following result of Henry [He 1] . |

Theorem 2.12. If f satisfies (2.7), is odd and
A€ (nZAIn+l)1), n=0,1,2,3, then

g cr* w(a)UW(a):{w(a.ak)}.n-1>m>k>o
C;: ok o w'k(a“) > {y(aa,uk)}, n-1>k>0 ‘
| ak -'{u;,a,'(} '
- U AkuchHuesug® r

-« m>k

p———
U
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Theorem 2.12_says that A is like a ball of n-dimensions
if A € (n%,(n+1)?), n=0,1,2,3. The pictures of A, and the

- flow on AA’ are shown below.

ot

For n < 3, Theorem 2.12 asserts that the changes that
occur in the dynamics. on Ay, for X < 16 come about only through
local bifurcation. A proof that the same situation prevails for
all A or a counterexample would be equally interesting.
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as easily supplied as indicated. The same appl

es to C

Thus, this must remain as a conjecture,
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Aevvu24 b elgenfunctlon for A; o has j zeros in (0,7) for each j.
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One can construct an 1mbedded (n-j)-dimensional submanifold

B
|

The above theorem is actually true for much more general
semigroups {T,(t),t > 0}. One needs only that T,(t) is compact
dissipative and an a-contraction for t > 0.. This permits appli-
cations to a much broader class of problems including some hyper-
bolic systems (see [HA 3]) . We do not consider such general cases
here and refer the reader to [Hal] for a complete proof of tne
‘above result as well as historical references. The discussion is
also contained in [Ha 2] . However, an error in the statement of
one result in [Ha 2] requires a reordering of the material and
'this reordering can be found in [Hal].
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773 ‘the results of Matano {M 1] to obtain the assertion in the
/ /0 /Z/yw ¥ Lemma.

use of an,argument similar to the above shows that Ck’o >

"'Tt‘,‘"'f‘."

!! //0 M.—-paj/egml}brmm point in S""l is a, and, thus,

"?5(21 Ut (@) = {y(a,,0h-1),7(0m,05.1) ).

f q ! 7 3% the set X5 N U is a proper subset of a submanifold of codimen-
> 34 sion 1. Th1s contradicts 6 N Xg # P for any continuous curve

/ // /"W‘/A‘/’ -‘-—‘7'[!!: 1] J.K. Hale, Some recent results on dissipative processes.
p.152-172 in Lecture Notes in Math. Vol. 799 (Ed.A.F. 1zé),

‘ Springer-Verlag, 1980.

f § ,&xﬂ, -9’5& Continuity, the Lyapunov functional, X having no interior and

i
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